Abstract. Kirby proved that two framed links in S 3 give orientationpreserving homeomorphic results of surgery if and only if these two links are related by a sequence of two kinds of moves called stabilizations and handle-slides. Fenn and Rourke gave a necessary and sufficient condition for two framed links in a closed, oriented 3-manifold to be related by a finite sequence of these moves.
Introduction
In 1978, Kirby [10] proved that two framed links in S 3 have homeomorphic result of surgery if and only if they are related by a sequence of two kinds of moves called stabilizations and handle-slides. This result enables one to construct a 3-manifold invariant by constructing a link invariant which is invariant under these moves. Fenn and Rourke [5] generalized Kirby's theorem to framed links in closed 3-manifolds, and Roberts [11] generalized it to framed links in 3-manifolds with boundary.
Fenn and Rourke [5] also considered the equivalence relation on framed links in an arbitrary closed, oriented 3-manifold generated by stabilizations and handle-slides. Here we state Fenn and Rourke's theorem, leaving some details to the original paper [5] . Let M be a closed, oriented 3-manifold. For a framed link L in M , we will denote by W L the 4-manifold obtained from M × I by attaching 2-handles along L × {1} ⊂ ∂(M × I) in a way determined by the framing. Note that W L is a cobordism between M and M L , where M L denotes the 3-manifold obtained from M by surgery along L. The inclusions M L ֒→ W L ←֓ M induce surjective homomorphisms
The kernel of the homomorphism π 1 (M ) → π 1 (W L ) is normally generated by the homotopy classes of components of L. such that the diagram See [5] for more details.
One of the main results of the present paper, Theorem 2.2, is a generalization of Theorem 1.1 to 3-manifolds with boundary. (A generalization of Theorem 1.1 to 3-manifolds with boundary has been stated in [6] , but unfortunately the statement in [6] is not correct for 3-manifolds with more than one boundary components.)
An obstruction to making Theorems 1.1 and 2.2 useful is the homological condition ρ * ([W ]) = 0. Given framed links L, L ′ in M as in Theorems 1.1 and 2.2, it is not always easy to see whether we have ρ * ([W ]) = 0 or not.
A large class of groups with vanishing H 4 (−, Z) is the 3-manifold groups. It seems to have been well known for a long time that if M is a compact, connected, oriented 3-manifold, then we have H 4 (π 1 (M ), Z) = 0 (see Lemma 3.3) . So, if the components of the framed links L and L ′ in M are nullhomotopic, then since π 1 (W L ) ∼ = π 1 (M ) is a 3-manifold group, we have H 4 (π 1 (W L ), Z) = 0 and ρ * ([W ]) = 0. Thus, for null-homotopic framed links, we do not need the condition ρ * ([W ]) = 0, see Theorem 3.1.
Cochran, Gerges and Orr [3] studied surgery along null-homologous framed links with diagonal linking matrices with diagonal entries ±1, and also surgery along more special classes of framed links. This includes nullhomotopic framed links with diagonal linking matrices with diagonal entries ±1. Let us call such a framed link π 1 -admissible. Surgery along a π 1 -admissible framed link L in a 3-manifold M gives a manifold M L whose fundamental group is "very close" to that of M . In [3] it is proved that,
, where for a group G, Γ d G denotes the dth lower central series subgroup of G.
For π 1 -admissible framed links in a 3-manifold, we can combine Theorem 3.1 with Proposition 4.1 proved by the first author [8] to obtain a refined version of Theorem 3.1, see Theorem 4.2. This theorem gives a necessary and sufficient condition for two π 1 -admissible framed links in M to be related by a sequence of stabilizations and band-slides [8] , which are pairs of algebraically cancelling handle-slides, see Section 4.
We apply Theorem 4.2 to surgery along null-homotopic framed links in cylinders over surfaces. Surgery along a π 1 -admissible framed link in a cylinder over a surface gives a homology cylinder of a special kind.
The organization of the rest of the paper is as follows. In Section 2, we introduce some notations and preliminary facts, and then state and prove the generalization of Fenn and Rourke's theorem to 3-manifolds with boundary. In Section 3, we focus on the case of null-homotopic framed links. In Section 4, we consider π 1 -admissible framed links. In Section 5, we give an example which illustrates the conditions needed in Theorem 2.2.
In this section we state and prove a generalization of Theorem 1.1 to 3-manifolds with nonempty boundary. We start by giving necessary notations which are used throughout this paper. Then we introduce the conditions under which Theorem 1.1 holds for manifolds with boundary and give the statement and the proof of our generalization of Theorem 1.1. Our construction mainly follows [5] and borrows some ideas also from [6] .
Let M be a compact, connected, oriented 3-manifold, possibly with nonempty boundary.
A framed link L = L 1 ∪· · ·∪L l in M is a link (i.e., disjoint union of finitely many embedded circles in M ) such that each component L i of L is given a framing, i.e., a homotopy class of trivializations of the normal bundle. Such a framing of L i may be given as a homotopy class of a simple closed curve
For a framed link L ⊂ M as above, let M L denote the result from M of surgery along L. This manifold is obtained from M by removing the interiors of N (L i ), and gluing a solid torus
Surgery along a framed link can be defined by using 4-manifolds as well. Let L be a framed link in M . Let W L denote the 4-manifold obtained from the cylinder M × I by attaching a 2-handle
using the a homeomorphism
which maps S 1 × { * }, * ∈ ∂D 2 , onto the framing γ i . We have a natural identification
We define two moves on framed links. A handle-slide replaces one component L i of L with a band sum L ′ i of L i and a parallel copy of another component L j as in Figure 1 , where the blackboard framing convention is
used. A stabilization adds to or removes from a link L an isolated ±1-framed unknot.
2.1. Some notations. We introduce some notations which we need in the statement of our generalization of Theorem 1.1, and which will be used in later sections as well. Let M be a compact, connected, oriented 3-manifold with nonempty boundary.
Let F 1 , . . . , F n (n ≥ 1) denote the components of ∂M . For each k = 1, . . . , n, choose a base point p k ∈ F k . We denote by π 1 (M ; p 1 , p k ) the set of homotopy classes of paths from p 1 to p k in M . We consider p 1 as the base point of M , and write
Let L be a framed link in M as before. We consider the 4-manifold W L defined in Section 2.
where the second isomorphism is induced by the arcs γ 1 and γ k . We regard p L 1 as the base point of M L and write
. The point p 1 is regarded as a base point of W L as well as of M , and we set
An Eilenberg-Mac Lane space K(π 1 (W L ), 1) can be obtained from W L by attaching cells which kill higher homotopy groups. Thus, there is a natural inclusion
2.2. Construction of a homology class. Now, consider two framed links L and L ′ in M , and suppose that there exists a homeomorphism h : M L → M L ′ relative to the boundary. Moreover, we assume that there exist isomorphisms
In the following, we define a homology class
by constructing a closed 4-manifold W and a map ρ :
where we glue W L and −W L ′ (the orientation reversal of W L ′ ) along the boundaries using the identity map on M ∪(∂M ×I) and the homeomorphism h :
where
.
is a homotopy equivalence, unique up to homotopy. By the definition of W , the square is a pushout. Hence, to prove existence of ρ such that ρj = ρ L and ρj ′ =ρ L ′ , we need only to show that ρ L u ≃ρ L ′ u ′ , which easily follows from Lemma 2.1 below. (Proof of this lemma is the place where commutativity of (2) in Theorem 2.2 is necessary not only for k = 1 but also for k = 2, . . . , n.) Lemma 2.1. Under the above situation, the following diagram commutes.
Proof. Since u * is surjective and the square is commutative,
is then generated by the elements d 2 , . . . , d n and the images of the maps (1) L and L ′ are related by a sequence of stabilizations and handle-slides. 
commutes and j * , j ′ * are split injections induced by the inclusions j :
Proof of Theorem 2.2. The proof that (1) implies (2) is almost the same as the proof of Theorem 1.1 given in [5] . It follows from the "if" part of Lemma 2.5 and the fact that handle-slides and stabilizations on a framed link L preserve the homeomorphism class of M L and the π 1 (W L ; p 1 , p k ), k = 1, . . . , n.
Now we prove that (2) implies (1). Assume that all the algebraic conditions are satisfied. By Lemma 2.5, we may assume, after some stabilizations, that W = ∂Ω, where Ω is a 5-manifold such that diagram (5) commutes and j * and j ′ * are split injections. Now we alter Ω, as in the original proof in [5] , by doing surgery on Ω until we have
Then we modify L and L ′ toL andL ′ by some specific stabilizations and handle-slides until we obtain a trivial cobordism Ω ′ joining WL and WL ′ . Thus WL and WL ′ are two different relative handle decompositions of the same manifold.
By a famous theorem of J. Cerf [2] any two relative handle decomposition of the same manifold are connected by a sequence of handle slides, creating/ annihilating canceling handle pairs and isotopies. (For a reference see [7, Theorem 4.2 .12].) Note that Cerf's theorem applies in the case when W L has two boundary components, as well as in the case where the boundary of the 4-manifold is connected. Fenn and Rourke have shown in [5] that these handle slides (1-handle slides and 2-handle slides) and creating or annihilating canceling handle pairs can be achieved by modifying the links using stabilization and handle-slides. Hence the proof is complete.
Null-homotopic framed links
In this section we apply Theorem 2.2 to null-homotopic framed links. Let M be a compact, connected, oriented 3-manifold with n > 0 boundary components as before. We use the notations given in Section 2.
A framed link L in M is said to be null-homotopic if each component of L is null-homotopic in M . In this case, the map
is bijective for k = 1, . . . , n. Define
which is surjective. 
Remark 3.2. For a closed 3-manifold M , the variant of Theorem 3.1 is implicitly obtained in [5] . Two null-homotopic framed links L and L ′ in a closed, connected, oriented 3-manifold M are related by a sequence of stabilizations and handle-slides if and only if there is a homeomorphism
e ′ y y s s s s s s s s s
commutes. Here e and e ′ are defined similarly as before.
Theorem 3.1 follows easily from Theorem 2.2 and the following lemma, which seems to be well known. In fact, it seems implicit in Fenn and Rourke [5] , p. 8, ll. 8-9, where it reads "For many other groups, η(∆) vanishes, e.g. the fundamental group of any 3-manifold." We give a sketch of proof of this fact since we have not been able to find a suitable reference. 
Proof. Consider a connected sum decomposition
. Thus, we may assume without loss of generality that M is prime. If M = S 2 × S 1 , then we have
Suppose that π 1 M is finite. If ∂M = ∅, then we have M ∼ = B 3 and clearly H 4 (π 1 M, Z) = 0. Thus we may assume that M is closed. Then the universal cover of M is a homotopy 3-sphere, which is S 3 by the Poincaré conjecture established by Perelman. By Lemma 6.2 of [1], we have
Recall that, for any finite group G, H n (G, Z) is finite for all n ≥ 1. This fact and the universal coefficient theorem imply
where the last ∼ = follows since H 4 (π 1 M, Z) is finite. Now, (8) , (9) and (10) imply that H 4 (π 1 M, Z) = 0.
π 1 -admissible framed links
In this section we consider π 1 -admissible framed links and give a refinement of Theorem 3.1. We also consider π 1 -admissible framed links in cylinders over surfaces.
4.1. π 1 -admissible framed links in 3-manifolds. Let M be a compact, connected, oriented 3-manifold. Let us call a framed link
• L is null-homotopic, and
• the linking matrix of L is diagonal with diagonal entries ±1, or, in other words, L is algebraically split and ±1-framed. Surgery along π 1 -admissible framed links has been studied by Cochran, Gerges and Orr [3] . (They considered there mainly more general framed links.) In [3] it is proved that, for all
, where for a group G, Γ d G denotes the dth lower central series subgroup of G defined by
In this sense, surgery along a π 1 -admissible framed link L in a 3-manifold M gives a 3-manifold M L whose fundamental group is very close to that of M .
Surgery along π 1 -admissible framed links was also studied by the first author [8] . To state the result from [8] that we use in this section, we introduce "band-slides" and "Hoste moves", which are two special kinds of moves on π 1 -admissible framed links.
A band-slide is a pair of algebraically cancelling pair of handle-slides of one component over another, see Figure 2 . A band-slide on a π 1 -admissible framed link produces a π 1 -admissible framed link.
A Hoste move is depicted in Figure 3 .
is again π 1 -admissible. Then the framed links L and L ′ L i are said to be related by a Hoste move. 
∓1f ull Hoste − move 
4.2. π 1 -admissible framed links in cylinders over surfaces. In this subsection, we consider the special cases of Theorem 4.2 where M = Σ g,n ×I is the cylinder over a surface Σ g,n of genus g ≥ 0 with n ≥ 0 boundary components. In this case, the condition (3) in Theorem 4.2 can be weakened.
Let L be a π 1 -admissible framed link in the cylinder M = Σ g,n × I. By [3, Theorem 6.1], there are natural isomorphisms between nilpotent quotients Proof. "(1)⇒(2)" immediately follows from Theorem 4.2.
To prove "(2)⇒(1)", one has to show that the diagram (11) commutes for k = 1, i.e.,
commutes. This can be checked by using the isomorphism (12). Let
where all arrows are isomorphisms. Since the homeomorphism h :
Since (15) holds for all d ≥ 1, and since we have d≥1 Γ d π 1 (M ; p 1 ) = {1}, it follows that e 1 (x) = e ′ 1 h 1 (x). Hence the diagram (13) commutes.
4.2.2.
Closed surfaces. Now, we consider the case n = 0. In this case, the manifold M = Σ g,0 × I has two boundary components. Set F 1 = Σ g,0 × {0} and F 2 = Σ g,0 × {1}. Choose a base point p of Σ g,0 and set p 1 = (p, 0) ∈ F 1 and p 2 = (p, 1) ∈ F 2 . 
Proof. The proof is similar to that of Proposition 4.3. In the proof of "(2)⇒(1)", one has to prove that the diagram (11) commutes for k = 1. This can be done similarly using the fact that
For the cylinder over the torus T 2 = Σ 1,0 , we do not need commutativity of (16) Consider the cylinder T 2 ×I. Fix one boundary component while twisting the other once along the meridian (resp. the longitude) of T 2 . This defines a self-homeomorphism τ m (resp. τ l ) on T 2 × I relative to the boundary which maps { * } × I, * ∈ T 2 , to a line with the same endpoints but which travels once along the meridian (resp. the longitude). A sequence of τ m and τ l defines a self-homeomorphism s on T 2 × I by using the composition of maps. Any bijective map b :
and T 2 × {0} using the identity map. Any self-homeomorphism s on T 2 × I as defined above, extends to a selfhomeomorphisms on M ′ L ′ . Thus, we can find a self-homeomorphism s on T 2 × I such that the composition h ′ =s • h defines a commutative diagram (16).
Remark 4.6. If g > 1, then the above proof can not be extended to the closed surface Σ g,0 . In this case, every self-homeomorphism of Σ g,0 is homotopic to the identity. This can be seen as follows. Every diffeomorphism g ∈ Diff(Σ g,0 ×I) relative to the boundary is homotopic to a diffeomorphism g ′ (x, t) := (g t (x), t) with g t (x) ∈ Diff(Σ g,0 ). Since g is the identity on the boundaries we have g 0 (x) = g 1 (x) = id Σ g,0 (x). Hence, g t defines a loop in
Diff(Σ g,0 ) and every g t is homotopic to id Σ g,0 . Thus, g t is a loop in the group Diff 0 (Σ g,0 ) of diffeomorphisms of Σ g,0 homotopic to the identity. By a theorem of Earle and Eells [4] the group Diff 0 (Σ g,0 ) is contractible when g > 1. Hence, the loop formed by g t is homotopic to id Σ g,0 and therefore g is homotopic to id Σ g,0 ×I .
Example

5.
1. An example. Let us call the equivalence relation on framed links generated by stabilizations and handle-slides the δ-equivalence.
The following example shows that commutativity of diagram (2) for k = 2, . . . , n is necessary as well as that for k = 1.
Let V 1 and V 2 be handlebodies of genus 2 and 1, respectively, embedded in S 3 in a trivial way, and set Figure 4 (a). Let β, β ′ ⊂ M be two arcs from p 1 ∈ F 1 to p 2 ∈ F 2 , and let a, b and c be loops based at p 1 , as depicted. The fundamental group π 1 M is freely generated by a, b, c → M be a homeomorphism relative to the boundary such that (2) is commutative for k = 1 but not for k = 2. Hence Theorem 2.2 can not be used here to deduce that L and L ′ are δ-equivalent.
In fact, L and L ′ are not δ-equivalent. We can verify this fact as follows. Let T be a tubular neighborhood of β in M . Let K be a small 0-framed unknot meridional to T . Let J be a knot in int V 1 , to which the loop b is meridional, as depicted in Figure 5(a), (b) , and let N (J) denote a small tubular neighborhood of J in V 1 . Set M ′ = S 3 \ int N (J), which is homeomorphic to a solid torus. Let K 1 and K 2 be framed knots as depicted. It suffices to prove that the framed linksL Figure 5 . 
2. An invariant of O n -π 1 -admissible framed links in the exterior of an unknot in S 3 . For n ≥ 0, let O n and I n denote the zero matrix and the identity matrix, respectively, of size n. For p, q ≥ 0, set I p,q = I p ⊕(−I q ), where ⊕ denotes block sum.
Let J be an unknot in S 3 and set E = S 3 \ int N (J) ∼ = S 1 × D 2 , where N (J) is a tubular neighborhood of J.
Let 
